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Disclaimer: The problems below are not my own making but are taken from Pathria’s Statistical Mechanics

(PSM) and past qualifying exams from UNC (Qual).

Practice Problems

1. (Qual 2011 SM-5) A long vertical tube with a cross-section area A contains a mixture of n di↵erent

ideal gases, each with the same number of particles N , but of di↵erent masses mk, k = 1, . . . , n. Find a

vertical position of the center of mass of this system in the presence of the Earth’s gravity, assuming a

constant altitude-independent free fall acceleration g.

2. (Qual 2012 SM-3) Consider a classical gas of N identical particles. The energy of the system is given

by
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Uik(|~ri � ~rk|).

In the dilute (atomic volume ⇥N ⌧ V/N) and high temperature (|U | ⌧ kT ) approximation it can be

shown that the partition function can be written as
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and the configurational integral QN (V, T ) is given by
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Assume the potential is given by the hard sphere potential

Uik(|~ri � ~rk|) =
(
1 |~ri � ~rk| < r0

0 |~ri � ~rk| � r0
,

where r0 is the radius of the sphere. Show that the equation of state is given by
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3. (PSM 4.4) The probability that a system in the grand canonical ensemble has exactly N particles is

given by

p(N) =
z
N
QN (V, T )

Z(z, V, T )
,

1



where z = e
�µ

is the fugacity, QN (V, T ) is the partition function and Z(z, V, T ) is the grand partition

function. Verify this statement and show that in the case of a classical, ideal gas the distribution of

particles among the members of a grand canonical ensemble is identically a Poisson distribution. Show

that

(�N)2 = kT
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where N is the average number of particles. Calculate the root mean square fluctuation �N for this

system from the formula above and from the Poisson distribution, and show that they are the same.

Additional Problem

4. (PSM 4.7) Consider a classical system of noninteracting, diatomic molecules enclosed in a box of volume

V at temperature T . The Hamiltonian of a single molecule is given by

H(~r1,~r2, ~p1, ~p2) =
1

2m
(p

2
1 + p

2
2) +

K

2
|~r1 � ~r2|2,

where m and K are constants. Study the thermodynamics of this system, including the dependence of

the quantity h|~r1 � ~r2|2i on T .
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The Center of mass for the entire mixture  is given by
n

Zcm = E Zkmk where Zk is the average÷ height of  mixture k

[ Mk
k=1

Therefore we just held to solve for 7h .
This can be done from the canonical

ensemble approach , when

Fe = ¥f z e-P(P%nhmh9⇒d3qqy3p_

Where QYis the partition function  of a Singh particle w/ mass Mk

QM = fd3Pnd339_ e- p(P%mh+ Mkgz )

The integrals over momenta space cancel . Additionally integralsoverall spatial
Coordinates besides the 7- coordinate  will cancel .

This leaves Us  with
a  a

7k =

of zIfm9tdz / fo e- Pmgtdz

If we define X= Bmg then
a

the-dlfn=Iu wl IF § e-
A

dz  = at

Therefore the Yx & he can find the Center of mass of the mixture

Zen
= §

, *khxupg

=

Zen
= NKBI when M= §

. ,
my

Mg



Session 6 Problem 2 Quae 2012 sit - 3

Essentially for this problem we are calculating the first vivid coefficient
for a non - ideal weakly -

interacting gas that  is approximated by a

hard - sphere potential .

We can determine the equation of state by recallingthat

P= - (o¥)µ
,

& A = - ktlnz

where Z is the partition function given by the problem . Only the

Configuration function

Qn
depends  on V

⇒

E. =Hann,
± atEhn 0

N

So now -
had to evaluate

QN
,

which is given by

Qw= VN + VN '

If f d3r , fd3rn ( E kik
- 1)

We can simplify this  expression by defining the displacement vector
Due = Tri - Fu .

Note that the Jacobian

Tight = 1 ⇒ fd3ri  → |d3nik

⇒ Qw= W + VN '

En fare far ;u[e- Midrib
. 1 ]

Notice that the integrand only depends  on rik = IB,kl therefore  we  can

immediately evaluate the other integral , which just giks us  another

volume term

⇒ Q *
= VN + VN

' '

Ek fd3r . ( e- Nik
- 1)

Transforming to spherical coordinates
,

he  see that this further Simplify to

Qw = W [ 1 + 4€ §drive
.

( I Nik
- 1) ] rise



Considering the form of  our potential ,
the integrand is  only non - zero for

Rik < ro

using e- Hk
→ o

⇒ Qw = VN [ 1 - 4€ Eu § driven ] for rik
< ro

, uiwa

= W [ 1 - 4nF En ( as) ]
Now he just need to evaluate the sum

,
which is  essentially counting the

number of two - particle interactions that  could occur .
We have  N particles ,

So  if  we choose  a particle ,
then are ( N - l ) paardes  it  can  interact  with .

If  we do this type  of pain y
then we  would count

N ( N - D pairings

but this double counts the interaction between particle 1 & particle 2

by also County the interaction between parade 2 & particle 7
.

Thenfore
we need to divide by 2 to Account for double counting . This g. lies us

QN = VN [ 1- 4gro÷wl¥ ]
= VN [ 1 - N÷ Ztzro ] using that W > > 1 so N - KN

Note that you can also evaluate the sum by rewriting it  as

Eu
= Ee §,

a ) . nw¥
Now that he have solved for Qn

,
we can take the log according to Egn .

�1�

⇒ lean = New + ln ( l - F- 2*31 n )
As Stated by the problem ,

he are  considering the scenario when

Atomic volume × N 4 YN & since  atomic  volume = 4¥83

Feed n ) < < 1

Therefore he approximate thelog
.

as ln( 1- F4hsIj~ - N÷2#sI



Plugging all of  our results into Egu �1� he find that

If = NT + WE 2*51

Or PV = NKT ( 1 + NT 2¥83 )
To get this in the form  of the problem

PV ( 1 + ¥ 2*315
'

I PV ( 1 - F- 2*313 ) = Nkt

⇒ p ( V N 2*51 ) = NKT
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We know that for a ground canonical ensemble
, the probability of  a

state having a given energy Es & number of particles Nr is given by
P ( Nr

,
Es ) = e&Nr

- Bes zn e- PES
p= YKT

- =
-

Fg ear - Pts Felt ,V,T) x=µp
Z± grand part 't¥n

If we just want the probability of  a state having Nr particles ,
then

he must sum across all of the energy States

p ( N ) = § ZN e- Pts
= zn § e- PES - sum is just partition

- - function

Fair ,T ) ZG ,u⇒

⇒ p( N ) = ZN QN ( VF )

←( z ,V,T )

We know that for a classical
,

ideal gas

Qn WF ) = an f e- MMNEP?¥,d3qid3pi

= nt[h¥( ZTMKTY ' ]
"

From  this he can solve for the grand partition function

-26,4T ) = §
.
ntfthfhnmkts

" ']N
= §og÷

.

{ = zVx3 ; x= fat
= eg

%
just an exponential series



We  can use the grand partition function & partition function to re - express
the probability as

←
which is the

PCN) = nq.NET = q[E9 form  of a

N ! Poisson
distribution .

To find the root mean square fluctuations AT
,

recall that

CANI
=

ITT
with

D= § Nrp ( Nr ) NT = §NI Pwr )

or

A  
= § NREP ' Est ND

hf , § ng e-Pestle§ EPC Est '  Nr '

§ e- BCETMNM

Notice that oht
(F) t.ve Plants

⇒ cant  
= kt (off ),jktEN(8PhIkµ

= 4nn÷E. after
'

- Na
.
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4 aaE=÷ Ee = ⇐ ⇒ after
⇒ cant . ktfE⇒e4§, Ya ,?n" Evatt )

We  can shift the Sums by defining N → nil

⇒ cant  
= sea ( a ⇐ E÷,

. hEoE÷ + ⇐ Et )
= eg e- 9 ( exes- qe9+ E) = eg

⇒ IN = fq Note that the variance  of Poisson distribution is

also given by T = AN = 9 ,
which matches  what

we just  calculated
.


