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4.1

Huang asserts that for  a  dilute gas experiencing
a conservative

force given by
#= -qqcr , ( Huang 4-265

Then the equilibrium distribution function  is given by

ftp.r ) = focpje
* " KT ( Huang 4.27 )

Another way to think about this is just that (for most cases )

ftp.go ) ~ e- Hut

where H  is the Hamiltonian of the system .
This system ,

in  its frame of
reference, experiences a Centripetal force described by the potential

o|= zt mw2r2 not  number

⇒ ftp.D-n.CZ#mkT5kjP42mkt-m2w2rYzmht @drulsjtud



4.4-1
* For this

problem
I set ⇐ 1 *

Essentially this problem is  asking up to follow Maxwell 's heuristic

derivation  of the Maxwell distribution
,

but this time for relativistic
molecules . Therefore ,

like in the book ,
we begin by recognizing that

Our equilibrium distribution FLF)
, must satisfy the Boltzmann transport

equation

⇒ log ftp. ) + log ftp.5logfcpiltlogflpi ) (Huang 4.12)
As noted by Huang ,

this takes the form of a conservation equation .
Therefore

each distribution  can be expressed as  a function  of Conserved quantities . Energy
and momentum are conserved for the System we  are  considered

,
but  since

the bulk momentum  of the gas  Is Few ,
Air distribution should just depend on

energy and other constants that  we will need to  relate to  other thermodynamic
quantities .

For  relativistic particles ,
we  consider their four - momentum pm ,

which in the laboratory frame
,

takes the form

pm = ( E
, px , py , Pt )

Taking advantage of pm pm
= - m ⇒ E2± p2 +  m2

. : log f (F) = -

BECP
) + x

when x & Ban  constants

that I assume  are Z 0
,

⇒ f ( p ) = ( EP#P=( e- PENT why? If p< 0 then this

distribution  Would favor N

SO now we want tu solve for ( & p by relating energies ,  which  seems  unrealistic

& he  expect . the distribution to
this

distribution
To Physical quantities , be positive : C > 0 .

Recall that f- ( f ) was defined such that f(p)d3qd3p gives us the number

of  molecules  in the volume d3qd3p  of the phase space .
Note that  other

authors define The
'

distribution function Fas the likelihood that a particle
exists in the Volume d3qd3p  ⇒ f ( p) =

NFCP
) where N is the number

of  molecules in the gas .

•

• . N = f d3qd3pf( p ) or ¥=n= |d3µ f ( p )

since f

doeshotadepgnd
on position . it at a

⇒ n= Cfdpxfdpyfdpzetslmm
" "

=cfdpofdpifdpcosopzektitm
" "

- d - d - a 0 O
°

W / Pf=p } 't pujtpz =P , po=  arcos 1¥ , pop
=  arctanpxt



when we transformed to  a spherical coordinate projection of the momentum
on the Second integral .

⇒ n= 4 it C § pze
' Pcptmskdp

We can simplify the argument of the exponential by integrating over energy
instead of momentum ;

EZ = pztni  ⇒ ZE DE  
= Zpdp

(1) ⇒ h= 4T C { p EEBEDE = LHC pp ECE . my"2e→EdE

This  integral looks Something alongthe lines of  a Bessel function :

Modified Bessel

(2) Kv (7) =

tpy¥EgY P e-
tt

( +2 . Dtkdt function  of the

2nd kind

But you can  also just plug this  into Mathematics and it  will return

(3) n= 47C [ nilhlm) ]
If you

did not  use Mathematic  a
,

then you  could compute this from
the integral form  of the Bessel function  in Eqn (2) . The recursion  relations

of the modifiedBessel functions  also help :

Ks ( A= Km ,
C z ) +¥ Kuta

Kittle Km C ⇒ - ¥ Krtt )

From this we can  immediately identify that

e-

=p
4Tm2 Kz ( pm)

So  now we just  need to determine B . Now I know that this problem
asks to find the equation  of  state  of the gas , which is a bit Confusing ,

because the p - term
,

in the non - relativistic case
,

is identified by taking
(4) P=  NKT

As an  experimental fact . Therefore the equation of state is the Same

In the relativistic Case
,

when he define the temperature so that Eqn . (4)
is correct .



What 1 think this problem really wants  is for you to  identify an  equation
of state that  is a function  of P

, n ,
& C- ,

the average energy ,
in place  of T

,
the temperature .

So let's solve for the average energy

(5) ⇐

Sg3aIpEgsgyI
= 4¥ fiecezmykepeae

which can also

be
expressed as

t.no#=
 -

ology
You  can either plug this derivative  into Mathematic  a  a  use the Bessel

function  recursion  relations to then find

(6) E= § + mK#mp )

Kz ( mp )

Finally ,

Let's determine a relation for P
,

the pressure . Huang
relates the pressure to the momentum distribution by

P= / d3p pxvxfcp )
( Huang 4.20 )

For a relativistic particle Pi = rmvi & E  =rm  where F- (1 - v 2542

⇒ P = f d3p PEI ftp.ztfdp#fCP )

Again , Switching integration  variables so that  we  are  integrating over

energy ,
we find

P= 4t¥fm° de ( Ezmzjsk e- PE

= ( 4¥ § DE EYE  2- my"2etE) - ( 4¥ f|dEm4EemYke→E)

= h± - 4m3TC
3 3p-

Ki ( pm )

when we  solved the first  integral by relating it to Eqn (5) and the
second integral by using Eqn . (2)



Plugging in  our value of C
, he fmd that

p =

nz±
- ink,(pm)3kzlpm )

Substituting Eqn (6) for e
,

we find

P =

nf
' ⇒

F-
KT

If we want a distribution that obeys the ideal
gas law

.
Therefore

our distribution  is given BY
- fortnightf ( p ) =

- e
LHMZKT Kz ( Mbt )

which is typically referred to  as the Maxwell - Jjlther distribution

Acknowledging to relativistic  ideal gases exist @ high temperatures ,

we  can take the limit  of T→N or B → o & simplify our expressions
for energy

& pressure by noting that

Kvtt ) ~ ztmuytzyr as z → 0

⇒ YhYpmmt = BE + ocp ) as p→o

⇒ E = 3kt + MI = 3 KT @ leading order which is

ZKT what  we  measure for
hot

,
relativistic

,
dilute

⇒ P =
 nkt 1 b- he gases



4.5-1

If we imagine that  a Stamp is just one of an infinite number of

stamp particles that make -

up some stamp gas ,
then he  can describe

the distribution of the system using the Maxwell - Boltzmann distribution

in terms  of the energy

f- (E) = ( EK j
that Ct normalization

constant

The probability of  a particle being in  a State  wl energy E
'

is given by
* '

sowfnowthyisnisfshafedwtfp

# = (Eykettht
end for  comments  on -

this  approach * § EYze#kTdE

Therefore the probability of  a stamp being at a height h is given by

p( mgn ) =

lY9h)"=m9%T_ = # e- mghhet

f (mgz)"2Em9t mgdz
tk3T3

0

Considering all of the values given in the problem & the constants :

m= 0.1 g k= 1.38×10-16 cnig 52k
' '

gt 980 cm/s2 T  
= 300 K

h = 10%cm

Because of the Value of k
,

the exponential will dominate
,

so

it  is easier to look at the log of the probability
lnP= - mg¥ +

tnf.gg#)tthInIims*I4Eio

.

2 L 1  also  address

why this

piece  is  not

= -

mg¥ =  - 2.4×107 = lnp dimensionless

on  the  next

page

.



Side note to 4.5
-

When dealing WI distributions
,

the probability is well defined over  an  interval .

For  instance , we  should ask what  is the probability that  Stamp has  some

energy between E & Eta :

PCEEEE
Eta ) = ¥"dE '

E
'  '  12 EE

 ' kt
= op

- of
4 for 4< < E

§dE ' E ' "zjEYkT

If you  integrate the numerator & expand in powers of HE
, you

find that

= -

EYKTPCEE E ± E + a) =

E'ke_
4 or g¥= E

' " 2 EE 'kt

§dE
' E

'  KEE
 '

her

Therefore the probability be  calculate  in Problem 4.5 is  a probability density
With respect to the energy .

This  neglect for detail is  not  a  cause for too

much concern however  since

lnp = lnF + lull

When F is the probability density ( i.e. the equation 1 use to  solve 4. 5) .
The

Second term  will be  extremely small  & so the probability is  effectively given
by the probability density .

Also  note that  our probability function  is  a bit  ridiculous because  when Z → o
,

E → 0 &

F ( E=O ) =0

Which essentially says that the probability of the stamp lying on the table
is 0 based on the way he approached the problem .

No  need to  worry ,
however .

If you  calculate the stamp 'S Most probable position "

Lz > t f z E EEKTDE =

ZkmIg
= 6×1518 m

.E e- Elktd E

Since this height is on a length scale smaller than a proton ,
we  can

Consider < Z > I  0
.



4€

*
we consider the Maxwell - Boltzmann distribution for the gas

:

f (F) =n( ZTMLT )%
[ %mkT

We see that  it does not depend on position .

Therefore the likelihood that
a Particle of the gas is in  a volume T in  a  room  of  volume V

,
is  expressed

simply by TN
. Therefore the probability that the particle or N particles

are NOI in the volume T is

Where P is probability .

1 Will

P = ( 1- VTV)N use F for pressure

Note

15=1
atm = 1×105 N/m2 ,

k= 1.38×10-23

N.hn/k,f=1x1j6m3,V=Z7m3
⇒ TN = 4×10-0  ⇒ p= ( 1- %) N < < 1

Therefore he  can take the log of the probability to get an idea of
how  small it  is

⇒ lnp = Nlh ( 1- Th ) since J/V< < 1 &

= - NTN d lnltx ) =
- x + Ocxz )

Assuming that this  is  an  ideal gas

⇒ bhp =
- F- f  a

-2.4×1019
Obviously this  seems

KT Very unlikely
P~ 10-1019

(b)
Now we just adjust our value for T  

= ( 1AT 3

.
An  angstrom

is 10
-  ' 0

m

⇒ T  
= ( 10

-  ' o

m )
3

= 10-30 m

⇒ µp =

-2.4×10-5
⇒ Panza, ,o→

FISIIEYTIYEE;;a

Then it  is very likely that this Smaller volume  will not be inhabited by
any an  molecules

.


